with some factors, respectively.
Introduction
In [3] , Girstmair gave a recursion formula for the relative class numbers in the tower of cyclotomic number fields with prime power conductor. Adopting the idea of Girstmair, Jung and Ahn [4] gave an analogous result in the tower of cyclotomic function fields with prime power conductor. In this paper we generalize the results of Girstmair and Jung-Ahn to the tower of any two cyclotomic fields with arbitrary conductor. We treat both cyclotomic number field and cyclotomic function field cases in a unique way.
The layout of this paper is as follows. In section 2, we obtain a group determinant formula (Theorem 2.4) which is a generalization of [ 
Group determinant formulas
Let G be a finite abelian group of order n. Let L 2 (G) be the n-dimensional vector space of complex-valued functions on G. Let G be the character group of G with values in C. Let χ 0 ∈ G be the trivial character. For any subgroup H of G, we define 
We need the following lemma. The proof is an elementary one, so we leave it to the readers. 
Theorem 2.4. For any two subgroups H, H of
Clearly the matrix of Ψ with respect to the basis
To compute the matrix of Ψ with respect to the basis
The last equality follows from the same argument in proof of Proposition 2.3. By comparing determinants of matrices of Ψ with respect to X 1 and X 2 , we prove the theorem.
G/HH also satisfy the condition ( * ). As in the proof of [ 
Ratio of class numbers of cyclotomic fields
In this section we give determinant formulas for the ratio of class numbers of cyclotomic fields in both number field and function field cases. We handle both number field and function field cases in a unique way.
First For any nonzero a, f ∈ A with (a, f ) = 1, we define a) is the partial zeta function associated to the class of a in Cl(A) if k = F q (T ). The notation "f |n" means that f divides n with f, n ∈ A + . Assume that we are given {a f,σ ∈ C : f |m with f = 1 and σ ∈ G m }. For any nonzero a ∈ A, let Φ(a) be the order of (A/aA) * . For χ ∈ G m and 1 = f ∈ A + with f |m, we define
where p ranges over all prime numbers (or all monic irreducible polynomials) dividing f . For any σ ∈ G m , we define We 
and
Proof. In case k = Q, it is known ([9, page 42], [9, Thm. 4.9]) that 
From [12, Lemma 3, Prop. 4], we have
where e m is [K 
Proof. By Lemma 3.1 and Proposition 3.2, we have
Similarly, we have (3.5)
We note that σ(M * m,n ), σ(M n ) and σ(M + n ) are systems of representatives of G/J, G/H and G/JH, respectively and they satisfy conditions for Proposition 2.1 and Theorem 2.4. It is easy to see that r J (σ a ) = σ a/ sgn n (a) and r
Thus by combining (2.1) and (2.2) with (3.4) and (3.5) respectively, we get the results. 
(ii) Assume that k = F q (T ). It is known [5, (3.2) ] that
Thus by Theorem 3.3, we have
We note that C ± m,n is dependent on the choice of {a f,σ : 1 = f |m and σ ∈ G}. For some special choices of them, we compute C ± m,n . Example 3.5. For a prime (or monic irreducible) p in A, let e p , f p and g p (resp. e p ,f p andg p ) be the ramification index of p, the residue class degree of p and the number of primes lying above p in K m (resp. in K n ), respectively. We also define e [5, Lemma 3.2, 3.7] . By [9, Thm. 3.7] , we have Then, as Kučera [6] , we have C Assume 
Proof. We note that 
,
We note that j
Thus the claim holds when (cd) n < n/2. Similarly, we show that the claim holds when (cd) n > n/2. Thus we get the result from (4.1).
Assume that k = F q (T ). For a ∈ A with (a, m) = 1, we define a JA = 1 if sgn m (a) = 1 and 0 otherwise. 
